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Abstract

A measure valued diffusion is discussed which describes the infinite-sites-model with stepping stone
structure. The average probability that there exist s segregating sites in randomly chosen two genes at the
stationary state is written in terms of the coalescent time of the dual process.

1. Introduction
Let E be the space defined by
E=[0,11"*={z=(z0,2,, ***,Z,, ***); 2,E[0,11 for all nEZ,},
and S be a countable (or finite) set, where Z, denotes the non-negative integers. P(E) stands for the Borel
probability measures on E with the topology of weak covergence, and P is defined by
l;:{ﬂs(ﬂk)fces; ﬂk€P<E)’ kES}
with the product topology.

We consider a P -valued diffusion process characterized by a positive constant 6 and constants
My K1, Ky ES. S is called the set of colonies, and the constant (1,72) 6 and the matrix {m,,,} are called
the mutation rate and the migration rates respectively. The generator of the diffusion is written in terms
of random sampling, mutation and migration. The precise definition of the diffusion is given in Section 2.
Our diffusion is known to have a unique stationary distribution®, denoted by @{dx) which is a probability

measure on P.
Define A,,for s€Z., by
A=z, ) EE?; z=(20,1,, *+*)EE and y=(¥,,¥,, ***)EE
satisfy
(i) zy,x,, =+ are distinct, and ¥,,¥, *** are distinct,
and
(ii) there exist { and mEZ, such that
(a) I+m=s,
(b) =Y,
(©) Zyy ***, &1+ Yp» ** *» Y, are distinct,
(d) ,4;=Yny; for all jEZ, }.



Here, in the condition (c¢) of (ii), the set {zg, **+,z;_,} is regarded as empty if [=0, and the set
{Yy, ***, Y, is considered in the same way for m=0.

We consider a Markov chain {k(2)} with state space SUS’US’U+++. The definition of {k(#)} is given in
Section 2. The coalescent time T of the Markov chain is the first passage time to the set S. I, denotes
the indicator function of Ajg.

Our main result is stated as follows:

a.n f<1-43“uk1><uk2>a(d;>=E(kl,k2)[ e”(gs—’{);T<m 1, (ky, k) ES?,
where <1,,4; Xi4,> is the integral of 1, with respect to the product measure i X, This statement
appears in Corollary 5.1.

An element xEE is called a type of genes, and %y, Z,, ***,Z,, *** are called sites where mutations have
occurred in the lines of descent of the gene. =z, is the site at which the most recent mutation have occurred.
A,CE" is the set of pairs of types which have s segregating sites. For (z,¥)EA,, there exist { and m
€Z, appeared in the definition A,. Here, (Z,,Zi+1sZr42s ** *)=(YpsYmt1+ Ymszs =) is called a common
ancestor of x and ¥. <l,, 4, X#;,> stands for the probability with respect to 4 that the pair of types
chosen from colonies &, and %, independently has s segregating sites. The left-hand side of (1,1) is the
average (with respect to @(du)) quantity of <1 gl Xy, > . The right-hand side is determined by the
Markov chain {k(£)}.

In section 2, we give a precise statement of our problem and the main result (Theorem 2.4). Section
3 is devoted to the key,Theorem 3.1, for the proof of Theorem 2.4. In Section 4, we give the proof of
Theorem 2.4. A corollary of Theorem 2.4 is given in Section 5. In Section 6, two examples are given,where
the set S is assumed to be the d-dimensional lattice Z°.

2. Preliminaries

Define E™, mEN, by the set

E"=EXEX-«++XE (m-fold)
with the product topology, where N denotes the set of natural numbers. C(E™) denotes the space of
continuous functions on E”, and B(E™) stands for the space of bounded Borel measurable function on E™.
Here, for each mEN, we introduce the operators ¢;;, 1<i<j<m, ¢;;: B(E™) — B(E™") and L;,1<i<m,
: B(E™) — B(E™), are given by
@i, 0(xyy X)) =y, oo X, 25,25, = % X))

and

LH G, o m)=gb [ (a2, (2, 8) =, =+, 7))

for FEB(E™), where z,€E (i=1,2, +++,m), and where (%, x)={%,zy,%;, ***)EE for x=(z4,7,, ***)EE.
Throughout this paper, the constant € 1is assumed to be positive. For fEB(E™) and
k=(k,k;y o, k,)ES™, we put
Sl =<f, >,
where 2=(4,)esEP and 1, is the product measure g, Xt X * =« Xt . Now, we are in position to deline
the generator G of our P-valued diffusion process. Define G for fEB(E™)
by
(G =L <Lif >+ L b <folhgon>+ 0, (< fttg>—<fo1>),
i=] kreSi=1 1<i<i<m
K=k,
where B.k={(k,, ***,k; 1, k; 1, ** 2 k) ES™ ! for 722, and 7k dk=C(k, * ", ki, k' Ky, o0 2 K ) ES™ for
1<i<m.

_],t]_...



We assume in this paper that the coefficients my,,,%,,k.ES, satisfy
Myr, =20 lor k,#k,
and
supplmyl <40 with my=—3 M.
Define ACC(P)XC(P) by
A={(¢s, CPs 1) ; mMEN,kES™, FEC(E™)}.

C([0, =), P) denotes the space of continuous functions @ : [0, ) — P with the topology of uniform
convergence on compact subsets of [0,9°). The coordinate process 2= (Ohes; t=0} on
Q=C([0, =), P) is defined by

(D) {(0) =D, nER,
and we set the ¢ -fields
FP=g(u(s);s>0) and F,=0(u(s);0<s<t) for t>0.

Define the martingale problem as follows.

0

Definition 2.1. For 2z €P, a probability measure P on (C[0, <), P),F) is called a solution of the

C([0, ), P) martingale problem for (4, 2%y if P(E(0)=;—20)=1, and if

b1k () — [ (G0 ul))ds,
is a (P, {F})-martingale for all (¢;,, G, )EA.

The following two propositions are essentially due to K. Handa®. By Theorem 3.2 and 3.7 of his paper,

we have the next proposition.

Proposition 2.2.

For any 20 EP, there exists a unique solution P of the C([0, «), P) martingale problem for (4, 2%).

That is, the C([0, ), P) martingale problem is well posed.

The definition of the martingale problem in ® is slightly different from ours. In [5], the class of
functions f in the definition of the set A is restricted to the family of continuous functions on E which can

be represented in the form

21D Ao)=f@): - fula), LECE.

)
® because any

However, it is obvious that Proposition 2.2 is obtained from Theorem 3.2 ans 3.7 in
FEC(E™) can be approximated uniformly by a sequence of finite linear combinations of functions having
form(2.1).
We set
PR@)=[ f((u,z))du

and

TH () =%9(P—I)f, for FEB(E)=B(E,

where I is the identity operator. Obviously, L is the infinitesimal generator of a Feller semigroup T,=e"

on C(B)=C(E").



Define C,,(E) by
C.(E)={feCB); (x)=f(x") if zy=27y,***,2,—=%",, for z=(zy,z,,***) and
$’=($’0,$’1, . .-) il’l E’}’ mez+_

Let 2 be the Lebesgue measure on [0,1]1, and 1™ is the product measure AXAX-++ on E. For
FEB(E), <f> denotes J;f(x)lw(dx). For any f€C,(E),

3 Je
LG )
T;f:e779124_Pkf 6

of— —_—
= & ¢ LT (Pf—<f>)+<fo—=><f>

uniformly on E, as ¢t = +co,
Since UjfZC,(E) is dense in C(E), the assumption of Theorem 5.1 in ® is satisfied. Hence, we obtain the
next proposition. Here, P(P) denotes the set of Borel probability measures on P.
Proposition 2.3. The measure valued diffusion process (¢);¢>0} corresponding to the solution of the
C([0, +), P) martingale problem for A is ergodic in a weak sense. Namely, there exists a uniquely
stationary distribution QEP(P), and

lim BEL<£,u(0,>1=[< £, 1> Qi)

—+co
holds for any (f,k)&U (C(E™)XS™).

m=1

Let K=1{k(2);t>0} be a Markov chain on the state space $"=U,_,S™, whose generator is of the form

I£ K|
Lh(k)= i#{i s 1<i<4, k;=k;} (h(B;k)—h(K)} +5: 2 Ay (RCrlkk—R(K)}, KES',
i=2 i=Ver =k,
for any bounded function 4 : SR, where k; is the ith component of k and |k| is a positive constant m
such that k&S8™. For k&S™, A(k) denotes the transition rate from k.
That is, "

AR =41, 1) ;1<i<G<|Kl, ki=k}+), 3 mys.
i=lk #k;
Define T by T=inf{t>0; |k()|<1}.

The Markov chain {k(#); =0} is a generalized Kingman’s coalescent process, and the stopping time T
is called the coalescent time of the Markov chain. For any !, m&Z,, define Ay by
Aum={z,NEE" ;2=(20,7, * **)EE and y=(¥,,¥,, * * * )EE satisfy
1. z,,z,, =+ are distinct and ¥%,,%,, *++ are distinct,
2. =Y, and Zg, Z,, ** T, |, Yo, Y, ** *Yn_, are distinct,
3. Z,4;=Yn,; for all jEZ.}.
Now, we can state our main result.

Theorem 2.4. The equality

1 (I+m)
(z7)
e—GT

(2.2) [ <V g b, Xt > Q) =E, [ T T<+el,
holds for any k=(k,,k,)ES?, where 1, denotes the indicator function of the set A(Lm).

The integrand of the left-hand side is the probability with respect to a random distribution % that the



pair of x and ¥ chosen independently from colonies %, and k%, belongs to the set A{(l,m). The left-hand side
1s the expectation of the above probability with respect to the measure Q(di) on P which is the stationary
distribution of the measure-valued diffusion {#(#)},>0. The integrand of the right -hand side is a
functional of the Markov chain {k{#)},.,, and the right-hand side is the expectation of the functional with
respect to the measure B, of the Markov chain.

3. Dual process of the measure valued diffusion process

First, define random operators {T}},.; for IEN. Let {t,},», be the sequence of jump times of the
Markov chain {k(8)},5,, where 7,=0. {I}},., denotes a sequence of random operators which are conditionally
independent given K= {k(#);¢>0} and satisfy

P[T,=¢;;1K] =§{1;1<1<5, k(z,—) =k,'(1',,_>}_1 X1 e, ympkcz, ), and R, Y=z, ~ ) for 1<u<y,
and

P[T,=identity| K] =1 1) ixes, -1 -

Here, 1, denotes the ind!icator function of an event A.

Since the operator ».L;, IEN, is bounded on the both spaces C(E") and B(E"), the family of operators

i=]

i
{T{8)} 50 given by T,(t)=exp {tZL,-} is a Feller semigroup on C(E"), and a strongly continuous semigroup

i=1

on BCE"). We set M(t)=|k(t)|. Let us define a EJ,B(E"‘)-valued process {Y(#);¢>0} by

Y(0)EB(EM®),
Y () =Ty y(t—7,) Y(3,) for t=[z, 1,),
and
Y( ’»'n+1) =l Tmzn) ( Tp1 Tn> ¥( T,.)
for ncZz,.

Let P be the solution of the martingale problem {4,z 0 ), and {z(2) ;¢>0} be the coordinate process on

Q=C([0, ), P). The process {Y(t), K(¢);t>0} is called the dual process of the measure valued diffusion
process ({£(2);¢>0},P). Now, we are in position to give a key statemant to prove Theorem 2.5.

Theorem 3.1. Let (f,k) be any element of the set GI(B(E"')XS"'). Then, the equality

(3.1) E‘"[<f,ﬁ<z>k>1=E(,,k>w<z>,ﬁk‘3n>1
holds for any t>0

This is a modified statement of Theorem 3.5 in ®. He has established the relation (3.1) for any

+ oo
(f,k) of U (C(E™)XS™). Note that the continuity of f is not assumed in Theorem 3.1.

m=1
Since the proof is almost the same as that of Theorem 3.5 in ®, we will give only the outline of our
proof in the rest of this section.
First, we note the following. We can construct the P-valued process {1(¢);¢>0} whose distribution is
P and the dual process {(Y(¢),k(t));¢t>0} starting from (f,k) on the same probability space so that these



two processes are mutually independent. Fix ¢&(0, «2), and set

F(s)=E[< Y(s),u(t—s), >] for 0<s<¢t
Then (3.1) is equivalent to the identity F(0)=F(s).

We set
IR =E[< Y(s+h),u(t—s—h),,>],

then, the next lemma can be proved by the same way as the proof of Proposition 4.1 in ®.
Lemma 3.2. 1If
(3.2) 1K) —K0I<O0W
holds as 4 4 0 uniformly in s€[0,¢), then (3.1) is valid.

Set
(3.3) IKn) =L+ L)+ L +RGR)
where

(84)  L(R)=E[< Ty(h) Y(s), u(t—s—h) >],

=Bl Y [N Do (=08, Ty (D) Y (&), ut—~5— g0, >

1Li<G< M(s)

— < Ty (B Y (), u(t—5 =R, >)dr],

M(s) s

L =ELY, 2, Murcor< Tuce(B) T(s) V()

i=1kES

(t—S_k>7i.(k,)k(s)>] Xh,
R =Ih) — (R + LR +L(R)).

The inequality,
(35) |IRMWI<OMHY  uniformly in s as £ 10,

can be verified by the same argument as that of Proposition 4.2 in *.

Here, we give a remark on the solution P of the martingale problem for (A1 0) which is stated in

Proposition 2.2.

Proposition 3.3. Let |kl=m and fEB(E™).
M (D=0, (1) — [ (Co,)uls))ds
is a (P, {F})-martingale whose sample paths belong to C([0, =) ; R} almost surely.

Proof. We can easily show that
D}={fEB(E™) ; M;,(t) is a (P, {F,})-martingale }
is closed with respect to the bounded pointwise convergence. Since DT includes C(E™), we see that
D'=B(E™).
Next, X(£)=¢,,u(t)) is shown to satisfy that
X' = [ UU=D U X&) P +IV()X(s) '} ds
is a (P, {F,})-martingale for each IEN,
where U(s) and V{(s) are {F.}-adapted bounded processes not depending on I. Therefore, we see that
EP[IX(O—X ()" <clt—s];, 0<s<t<+oo,
which implies the continuity of paths of M .{¢).



Set
(36)  RUk;w= ), (<¢;T,(0fu(t—wg>—< T f, ult—u)>)
l‘_-’.a'<)_;-'.m

k=k;

00 2 My < T £, (=) Vi >

i=lkES

for fFEBE™), k=(k,, ***,k,)ES™ and 0<u<t.

Lemma 3.4. For each s&[0,¢],

B IR kw22 I,

and

(38)  ET[<f,u(t)>1=E [< T,()f, ult— ) >1+E"L[ RS, ks w) )

holds, where P is the solution of the martingale problem for (A,ZO).

Proof. (3.7) follows from (8.6) immediately. Making use of Lemma 4.3.4 of Ethier and Kurtz[1] and
Proposition 3.3, we can see that
(3.9  ZH=<T,—)fu(s)>— [ R{f ks t—w)du
is a (P, {F,})-martingale for s&[0,¢]. Hence,
EMZ(D]1=E*[Z(t—5)],
which is equivalent to (3.8).

As a consequence of Lemma 3.4, we have

1) =E[< Y(8), u(t—8)y, >]

=EBIE[<Y(8),u(t—5), > K]

=E[< Ty (1) Y(8), it =s—h)y, >1+EL['R,_(Y(), k(s) ;1)dr]

=L{m+L{+EH,

where
E(R =LA =E[ Ty (0 Y(), a{t—5 =), >1,
EW=EL 2 [ (<¢s5 T V), 8t —5 =P, > — Tacer(?) Y(8), a(t—5—1)y > )],

1<i<i< M(s)
k) =kis)
and
M(s>

LEW=EL), ¥ Moy < T Y(8), BE—5— 1)y, > )

i=l1ES

In order to get (3.2), it is sufficient to prove that
(3.10) LWL (WISOW) (i=23),

holds uniformly in s as 4} 0.

Observing that the equalities
(3.11) E[< ¢33 T Y(8), et —5 =g u , >]
=E[< Ty 1 (=) 633 Ty (1) Y(8), (t—5—hDg . >]
+ELL" R (815 T (1) Y(5), B,k(5), w) )
=E[< TuioaiCh—1) i T () Y(8), 1t —s5—h)g . > 1+ 0 —D),
and
(8.12)  E[< T (r) Y(8), i(t—5— 1), >1=E[< Ty (h) Y{(8), £t —5 =10 ,>]



+E[J;h- 'Rr—s— A TP Y(8), k(s), w)du]

=E[< Ty (1) Y(8), 2(t—5—1) >1+Oh—7)
follow from Lemma 3.4, we see
L) —L (W< [ 0 —n)dr= 0",
uniformly in s as £10. Similarly, we can see that

L) —L (1< 0
uniformly in s as £ {0. Therefore, we obtain Theorem 3.1.

4. Proof of Theorem 2.4
Define P, and F, by
4.1 BH @z 1YY o .)=£‘f(u,zo,z“ ce Y Yy, e )du
and
(B (2o Ty = 3 Y0r Uy * ..)=£lf(xo,x“ ceesu, Y, ), oo )du
for any fEB(E®). Then, we see

2
LF%Q(P} +P,—2D),
=] &
and
T,(t)=exp {%at(a +P—2D}

o k
=e—mx 2 (85/2)

(P+PB).
Par S ! e

Note that P, and P, are commutative. Put Y(0)=1,¢,,. Obviously, Y(£)=T, () Y(0) for ¢<T. Here, we
need the following lemma.

Lemma 4.1.

(1) (BB™M1,44m=1p, where D is the diagonal set of E?,
(2) (PP ,m=0, if n,>1 or n,>m,

B) (PP jm=0, if (n,n)#{,m).

The proof of Lemma 4.1 is omitted, since it is easily shown. Using (2) in Lemma 4.1, we have

(6t/2)"

I+m
T YO =T awm=e * L~ B+BY Latm-
k=0 .
By (1) and (8) in Lemma 4.1, we see that
Y(T)=¢,, T,(T) Y(0)
I+m
ML A AT S
Uim!

Observing that Y(¢) is equal to the constant for t>7T, we get

_ar BT/ ™

It a.s., for T<oo,

. ~ 0 .
;Llinm< Y(t),ﬂk(t) >=g

Since the equality
,lHJ,nm< T,() Y(0)=0



holds uniformly in E*, we see that
1 ;0 = = 4-co
H{}< Y(t),ﬂk(t)>-0 a.s,, for T=+oo.

Hence, we get

. ~ _er BT/
WD) lim B, < V0,0 >1=Ea,q . 0le w%;:m oo
) I+m
=FE.[e "%;'1%4-60].

The last equality follows from the fact that T is a functional of the Markov chain {k(z)}. Using (3.1) and
(4.2), we see that
IRCYY

43)  Hm B [<Lyum (0 X () ST =Ey e =L T<Fe2].
It is clear that (4.3) implies
I+m
S <Vt oo b, Xty > Qi) =y [ ”%; T< +co].

Thus, the proof of Theorem 2.4 is complete.

5. Corollary

Recall that
A= U All,m),sEZ,.

I+m=s,I,m&Z,

A, stands for the set of pairs (x,¥)EE’, which have s segregating sites. Let A.=U A,.

s=0
A. means the set of pairs (x,y¥)EE’, which have an common ancestor. Then, we obtain the next

statement.

Corollary 5.1. The equalities

(5.1) f< lAs,ﬂ/z, Xﬂk2> E)(dﬁ) =E(ik, Jkp) le 97‘(0;‘) 3 T<+e]

(5.2) <Vt Xt > Q) =Py, 4y [T<+20],

(5.3) S <Lago bt Xt > QUARY=Eyy, 1y le s T<+22],

and .

(5.4) [ L s<Uy e Xt > QALY =6E ¢, 4\ [T5 T<+c2]
s=0

hold for any (k,,k.)ES8%.
Proof. We can obtain (5.1) by summing up the both sides of (2,2) for { and m satisfying [+m=s. (5.2)
follows from (5.1) through the summation for s. (5.3) is included in (5.1). We obtain (5.4) by summing

up for s after multiplying the both sides of (5.1) by s. The proof is complete.

The left-hand side of (5.1),(5.2) and (5.3) stands for the average probability that the types of two



genes randomly chosen from colonies k&, andk, have s segragating sites(have an common ancestor and are
idetical respectively). That of (5.4) means the averaged number of segregating sites in a sample of two
genes chosen in the same way as above.

6. Examples
This section is devoted to two examples.

Example 1. We consider the case that the set S of colonies is the d dimensional lattice Z°. Assume on the
migration rates {myu ) xecz¢ that my,, depends only on k,—k,, and that =, >0 if and only if
k,—k,==x¢; for some i€{1,2, «++,d}, where &="{(3,,0;, ***,0).

Put

m,=my, for k+0, and m,==+ ka.
k#=0
Define a Markov chain {k(#)} with state space Z?UA, where A is an extra point. The transition from
k€Z" is as follows. The distribution of the holding time t at the initial state k€Z*(k+0) is the
exponential distribution with parameter 2m,. The distribution of %(z) is given by
Pk(D=ktep)=(m,+m_,)/2m;, (i=1,2,+++,d).
The distribution of the holding time t at the state 0 is the exponential distribution with parameter
(14+2m,), and the distribution .{t) is given by
PE{D=A)=1/(1+2m,)
and
Pk(D=*e)=(m,+m_,)/(1+2my) (i=1,+++,d)
A is assumed to be a trap. Define 7% by T =inf{t=>0:k(£)SA}. Then, we can easily see that the
distribution 7v with initial state k,—%,EZ? is the same as that of 7 with initial state (k,,k,)EZXZ".
Hence, we see that
By o (T <+0)=Py 4y (T<+eo).
Therefore, we obtain that Py, x,(T<+oe)=1 if and only if d<2.

Example 2. Assume that S=Z'. The migration rate is assumed to have the same form as in Example 1.
Namely,
p if k,=k,+1
My 4 if Ky=k—1
0 if otherwise,
where p>0, ¢>0, p+g=1, and m,=p+q.

In this case, we can get the explicit form of the Laplace transform of the distribution of T.
That is,

Eu, iple " 1=aDbRY, I=|k,—k,|EZ,,
where

I S
a(d)= 1+ +dmet
b(l)=ﬁ(2 + 2my—A X+ dmd ).
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